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ABSTRACT 

Numerical   evaluation  of  the   optimum   estimate 

via  configural   sampling   involves  evaluation   of 

several   double   integrals.     These   integrals 

represent  expectations  over  a  distribution  condi- 

tioned   on   the  observed  configuration.     Theoreti- 

cally,   any  location-scale   invariant  definition  of 

the  configuration  will   suffice,   though  numeri- 

cally,   some  choices  are  better   than  others.     A 

related   concern   is  the  change-of-variables  used   to 

map  the   region  of   integration,   originally  the 

half-plane,   onto   a   fixed   region,   such  as   the   unit 

square.     This   report   is  of  use   to   the   reader  both 

as  a  guide   to   the  pitfalls  and   curiosities  of   the 

computations  presently  recommended,   and   as  an 

addendum   to  Technical   Reports   185   and   190   [see 

references]   on   the  configural   polysampling 

approach. 

i ' irtlCiim -   - -    --• - - - i n^fca—iH 11   



1.  Introduction. 

As discussed in Technical Report 187 (Pregibon and 

Tukey, 1981), configural polysampling techniquss are useful 

in:  (1)  determining the maximum attainable efficiency in a 

particular sampling situation, (2)  determining the maximum 

attainable polyefficiency in a particular polysituation, and 

(3)  guiding the modification of a robust estimate with the 

aim of increasing its polyefficiency.  Tn section 2, we 

describe the procedure and computations involved in (1) 

above.  Section 3 discusses those involved in (2). Item (3) 

requires assessing the behavior of an estimate at particular 

data configurations and will not be discussed in this 

report.  An appendix lists the programs, including the FOR- 

TRAN integrator, used in the computations. 

2.  Single situations. 

*  background  * 

Consider a sample {x.:i=l,...,n} from a particular 

situation {f.: i=l,...,n} where the f. are location-scale 

densities.  Following Bruce, Pregibon and Tukey (19«1), the 

situation is termed simple if f:=f for all i; otherwise the 

situation is termed compound.  For example 

"Prepared in connection with research at Princeton 
University, supported by the Army Research Office (Dur- 
ham) . 
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X. -Gau(0,1) i = l.. . ,n 

is a simple situation whereas 

n-1 X 's - Gau(0,l) 

one X - Gau(0,100) 

is a compound situation. 

Configural methods require transformation from the 

observed sample to its location-scale invariant representa- 

tion.  In most cases, the configuration is expressed via 

transformation of the order statistics y, < y_ <...< y . 
1  —     £ —       —     n 

The  general   form   of  the  change-of-variables   is 

r     =   r(y) 

s    =   s(^) 

ci   =   (yi~r'/s i=l,...,n   , 

where   r   is  a  measure  of  location  and   s a  measure  of  scale. 

Configural  methods  restrict  attention  to   location-scale 

invariant  estimators  t(y)   =   t(r+sc)   =   r+st(c).     This  allows 

the determination of  the minimum mean  squared   error   (VSE) 

estimate  of  location  conditional   on  the  observed   configura- 

tion   {c.:i=l,...,n}.     Without  loss  of generality,   assume 

that   f.    is  centered   at  u=0  with   scale  o*=l.     Then   the  condi- 
l 

tional  mean   squared   error  of  the  estimate   is 

March   30,   1981 
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MSE{t(y)lcJ = ?.        fr+st(c) |c}' r , s 

This quantity is minimized by 

t (c) = -Rfrslcl/Ets lc} 

with 

MSE{tQ(^)|c}   =   E{rs|c}   tQ(c)   +   E{r2|c} 

Averaging   MSE(t   (y)lc)   over   the  distribution  of  configura- 

tions  provides   an  estimate  of  the   unconditional   variance  at 

t   (^).     The  estimate   t   ^y_)    is  unconditionally minimum  vari- 

ance   for   a   symmetric   situation   since   in   that  case   the   uncon- 

ditional   bias   is   zero.     For  any particular   sample,   the 

optimal   estimate  and   its  conditional   MSE  can  be  computed   by 

numerical   evaluation of  the  conditional   expectations as  we 

now describe. 

*     computational   details     * 

Samples  are  generated   in  a   subroutine,   and   passed   in 

common   to   the  main  program.     The  program   is  shown   in  listing 

1   in   the  appendix.     The  data  may  correspond   to   a   sample   from 

either  a   simple or  compound   situation.   A sorting   subroutine 

(listing   4   in  the  appendix)   provides  the  order   statistics 

The  configuration   {c.}   is   formed   by making   the   change 

of variables 

March   30,   1981 
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r(v) 

s     =   s(v) 

fj  =   (y^D/s i = l, 

.n-2 The  Jacobian  of  this   transformation   is   s '   ".     Thus,   in   terms 

of  our   new coordinates,   we   have  the   probability element 

f(.y.)dy_ =   sn"2f (r+sc)drdsdc   . 

The  marginal   density  of  c   is 

h(c)   • f f  sn"2f(r+sc)drds 
r  s 

The   range  of   integration   in   this  expression   is   the  half- 

plane.      In  order   to   improve   the   accuracy  of  a   fixed-point 

quadrature,   we  map  the   half-plane  onto   the   unit-square  via 

(see  Relies  and   Rogers,   1977): 

u  •   l/(l+exp[n2(log   s-log   s*)l) 0   <   u  <   1 

v =  l/(l+exp[n   (r-r*)/sl) 0   <  v  <   1 

where s* and r* are appropriate centering values for the 

bivariate conditional density 

g(r,s|c) • sn~2f(r+sc)/h(c) . 

The Jacobian of this transformation is 

»arch 30, 1981 
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J(u,v)   = 

-   5 

s*-  ,1-uAln      .   1 
(^T1) 2    *   u 

nu   v 
(T^v» 

Thus,   in   terms of  our   new  coordinates,   we   have   the   probabil 

ity  element 

f(j£)dy  =  J (u,v) s(u,v) n     f(r(u,v)+s(u,v)c)dudvdc 

=  g (u ,v,c)dudvdc   . 

*     cubature     * 

The  evaluation  of  the   required   conditional   expectations 

can  now  be  carried   out   by  two-dimensional   numerical   integra- 

tion   (cubature).   The   following   integrals   (each  defined   on 

the   unit   square): 

(1) h(c)   = $f  g(u,v,c)dudv 

(2) E(s2|c)h(c)   = ff  s(u,v)2g(u,v,c)dudv 

(3) E(r2|c)h(c)   - ff  r(u,v)2g(u,v,c)dudv 

(4) E(rs|c)h(c)   • ^JP   r(u,v)s(u,v)g(u,v,c)dudv. 

have  so   far   been  done   using   a   24  point  Gaussian  quadrature 

rule   in  both  dimensions   (but   see  below).     Thus,   for   example, 

(1)    is  computed   as 

24     24 
h(c)   =     55     w.w       g(z.,z.,c) 

j=i k=i    : K :    K - 

where {w.:i=l,...,24} and {z.:i = l,...,24 } are optimally 

March 30, 1991 
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chosen   weights   and   evaluation   points   along   one   d i Tien si on. 

In   particular,   these   values  are  chosen   so   that   the   finite 

sun   is   exactly  h(c)    for   one  dimensional   polynomials  g ( z)    nn 

to  degree   47   ({Krylov,   1962,   pp.110-111   and   337-340), 

(Abramowitz  and   Stegurt,   1970)).     The   two  dimensional 

integrator   is  exact   for   a   function  g(zl,z2)   such   that 

g(z2|zl),   the   function  conditioned   on   the  value   of   zl,   is  a 

47   degree   polynomial   and   such   the.   the  one  dimensional 

integrals  are  a   47   degree   polynomial.     The   two   dimensional 

integrator   is   thus  exact   for  a   function  g(zl,z2)   which   is 

not  above  degree   47   in  either  of   the   two  variables. 

A  listing   of   the  one  dinensional   Gaussian   quadrature 

subroutine   used   in   the  calculations   is  given   in   the   Aooendix 

(listing   5).     Figure   1   shows   the  grid   of  points   (z.,z,)   on 

the   unit   square  at  which   the  bivariate   function   is  evaluated 

in   the   integration.     Figure   2   shows   the  grid   of  quadrature 

coefficients,   w.w, ,   used   in   the   24   ooint   quadrature.     The j   k ' 

values  shown  are   the  quadrature  coefficients   for   the   1A* 

points   in   the  quarter-square   (0<z.<.5,   0<z  <.5),   where  each 
3 K 

weight  has  been  multiplied   by  10   .     Mote   that   the  weights 

have  been   plotted   on  an  equally spaced  grid   but   that   the 

weights   shown   in   figure   2  are  associated   with  points  on   the 

unequally  spaced  grid   (figure   1).      (The   numbers  of   the 

points   (1-24)   with  which   the  weights  are  associated   are 

labelled   in   the   figure.)      The  coefficients   for   the   57^ 

points  on   the   unit   square  are  derived   from   the  values  shown 

in   figure   2  using   the   fact   that 

March   30,   1981 
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quadrature coefficient (.c. + c) = quadrature coefficient (,5-c) 

for the values of c used in the quadrature program.  Figure 

3 shows the values of log. n (w. w, ) + 5.  These are again plot- 

ted on an equally spaced grid but are associated with the 

points of figure 1. 

As noted, the 24 point Gaussian quadrature integrates 

polynomials up to 47 exactly, and was useful for testing 

purposes.  We anticipate reducing the number of points 

evaluated to fewer than 575 for post-testing computations. 

The two dimensional integration is obtained by provid- 

ing the integrator a function which is itself a one- 

dimensional integral.  In essence, the subroutine calls 

itself.  However, since recursive function calls are not 

supported in Fortran, the subroutine must invoke a copy of 

itself compiled under a different name.  The function argu- 

ment of the call to the copy of the integrator does the 

actual functional evaluations g(z.,z. ,c).  As each of the 
3     K 

integrals   (l)-(4)   has   kernel   g(u,v,c),   the   24x24   grid   of 

values  of g(z.,z, ,£)   need   only be  computed   once.     We   take 

advantage  of   this  property  by  storing   the  matrix  g(z.,z. ,c) 

after  evaluation  of   (1),   and   using   these  values   for   evalua- 

tion  of   (2)   -   (4).     This  provides   us  with   the  quantities 

h(c)   =   (1) 

E(s2|c)   =   (2)/(l) 

^arch   30,   19fll 
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(r2|c)   =   (3)/(l) 

S(rs|c)   =   (4)/(l) 

as  are  needed   in  calculating   t   (c)   anrf   «SE(t   (y)|c) 

The   output   from   a   typical   run   of   the   program is   a 

(M+l)x  7   array  of  the   form: 

h(c.)        E(s2lc.)        E(rslc.)        E(r2|c.)        t„(C. ) t   (v.) 
— 1 —1 — 1 —1       O —1 O •*-! 

iSE(t(^1 \£1) 

McN)   E(s
2|cN)   E(rs|cN)   E(r

2|cM)   tQ (cv)   t^)   "SE{t(j&|) Ic^) 

h(c) 
2 

B(rs) E(r2) t (c) o — 
fc«w *SE<t(y) ) 

Each of the first M rows, cor responds to estimates of the 

conditional expectations given an individual configuration. 

The final row provides the estimates of the unconditional 

expectation obtained as the average over configurations. 

*  major choices  * 

There are several choices in the computational pro- 

cedure outlined above which have an effect on the accuracy 

of the results.  These include the choice of r* and s* and 

the forms of r (y) and s(y) used in the transformation from 

the data to the configuration.  We now discuss these. 

Relies and Rogers (1977) use the transformation (r,s) 

-• (u,v) where r* and s* are the points at which the density 

Varch 30, 1981 
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sn_2-f(r+sc) 

attains its maximum.  They state that this transformation 

causes the functions we integrate to be more closely con- 

stant on their domains.  To reduce computation time and 

expense, it appears advantageous to choose r* and s* by a 

method other than that suggested by Relies and Rogers. 

The possibility of using 

-* = 
obs 

s* = s . obs 

has  been   tested   for  various   functional   forms  of  r   and   s. 

The   form 

r  =  yd) 

s =   y(n)-y(l)    , 

i.e., the minimum as the location estimate and the range of 

the data as the scale estimate has the property of putting 

the configuration on the interval [0,1].  However, when 

these forms are used rith r*=r .  and s*=s . , the estimates 
ODS ODS 

produced for some samples are very inaccurate. 

The problem with this approach can be seen in a close 

look at the integration for a straggling sample.  Samples 

with large values of y(n)-y(l) were observed when the data 

were generated from the slash.  The density of the slash is 

March 30, 19P1 
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-L-—(l-exp{- yy2})    for y^n 
\l2wy' 

1 

2\|2? 
for y=n . 

Alternately, slash is defined as the ratio of an independent 

Gaussian to a uniform (0,1) random variable.  The slash den- 

sity is like the Gaussian in the middle and like the Cauchy 

in the tails, and so has much longer tails than the Gaus- 

sian. 

In samples with a large range the contribution from 

several points on the 24x24 grid used in the quadrature 

swamp all others and the double integration reduces to the 

weighted sum of the values of the function at only a few 

points.  Figure (4) shows the 24x24 grid of powers of 10~ 

of the values of g(u,v,c) used, for a particular configura- 

tion, in evaluating the double integral.  This plot is for a 

sample of n=20 with y(20)-y(l) = 41,722, and with y(15)-y(5) 

= 2.808.  The values here and in the figures 5-8 are shown 

on an equally spaced grid, but correspond to points on the 

grid shown in figure 1. 

As an alternative, the location and scale measures 

r • midpivot = mean of the pivots 

s • pivotspread = difference of the pivots 

were tried and used with r*=r .  and s*=s .  in the second obs        oos 

transformation.  The pivot depth is defined as the integer 

("arch 30, 1981 
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pert of the hinge depth, i.e., for sample size n, pivot 

depth = .•=•. —x— . +•=•. where the brackets denote integer pnrt. 

The pivots are then the order statistics with depth = pivot 

depth and the midpivot is the average of the two pivots. 

Figure (5) shows the 24x24 grid of powers of 10~  of the 

values of the function g (u,v ,c_) /J (u,v) (i.e., without the 

Jacobian J(u,v) from the second transformation) when these 

new values are used.  Figure (S) is the comparable plot for 

the function g(u,v,c).  Comparing figures (4) and (f), we 

see a much more constant order of magnitude of the function 

over the domain when the midpivot and pivotspread are used. 

Figure (7) shows the grid of powers of 10~ ' of the values of 

the product of the function g(u,v,c) and the quadrature 

coefficients used in the integration. 

In an attempt to make the surface we integrate over 

still more constant, r* and s* were moved to correspond to 

(*) in figure (5).  The results are shown in figure (8), 

where the values plotted on the grid are again powers of 

10~  for the function values.  Also of interest is the 

change in the optimum estimate for the original 

r* s r .  • midpivot obs     c 

s* = s . _ = pivotspread obs 

and the relocated r* and s*.  The estimate values are 

-.70761(58 and -.7074012, respectively.  This small change 

(.0002156) in the values of the estimate leads us to ques- 

March 30, 1981 
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tion the gain from recentering. 

3.  Bisampling. 

In the previous section, computations for the case when 

data are generated from and used as if they are from the 

same situation were described.  In bisampling (see listing 2 

in the appendix), we distinquish between the generating 

situation and the evaluating situation.  The former is the 

situation actually generating the data, while the latter is 

the situation we treat the data as being from and at which 

we evaluate the optimum estimate. 

Suppose we have two situations, for example, slash anrf 

Gaussian, f  and in.     We generate a sample from the Gaussian 
S        o 

and proceed as described in the previous section to calcu- 

late the minimum variance estimate for the associated confi- 

guration. Here the Gaussian is both the generating and the 

evaluating distribution. We then use the same data and con- 

figuration and treat it as being generated by slash, i.e. we 

have a Gaussian generating and a slash evaluating situation. 

A similar procedure is followed with generated slash data. 

In bisampling, we also calculate weights, w_ and w as 

WG = ec{£)/(W£,+W£,J 

*, • V^V'G<£>*VV£>J 

where c(_   and c(     are   the   sampling   fractions,   N_/(N   +N   )   anf* 
G       S *> o  S 

N /(N +N ), for the Gaussian and slash, respectively. wr   is 

March 30, 1981 
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tho  weight   proportional   to   the   probability  that   the   confi- 

guration   is  Gaussian given   that   the  configuration   is  one  of 

N_  Gaussian  configurations  or   N     slash  configurations;   w     is 

defined   similarly  for   the   slash.     These   weights  are   used   in 

calculating   the  average  MSE-   and   MSE   . 

The output   from   this  program   is 

E   {s^lc} t^(y) MSE 

w E   {s   |c} 
5 5 •" #*> MSE. 

for  each  of  the   samples   from   the  Gaussian  and   for  each  of 

the   samples   from   the   slash.     Evaluation  of   the  maximum 

attainable  biefficiency   (for   slash  and  Gaussian  data)   using 

this output   is  presently  under  consideration   (see  listing   3 

in   the  appendix   and   (Tukey,   1981a)). 

4.     Conclusions. 

Computing   the  optimum  estimate   for  a  situation   using 

configural   sampling   or  configural   polysampling  methods 

involves  the  evaluation  of  several   double   integrals.     The 

choices of   (1)   functional   forms of  r  and   s  used   in 

transforming   the data   to   the  configurations,   and   (2)   the 

values of  r*   and   s*   as appropriate  central   values of  the 

bivariate density  f     (r,s)   affect   the  precision  and   accuracy 

of  the  numerical   integrations.   The  choices 

March   30,   1981 
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r  •   midpivot 

s  =   pivotspread 
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-*   = 
obs 

s*  =  s obs 

give  well-balanced   functions  and,   thereby,   good   integral 

evaluations  and   estimates.     This  choice   also   keeps  computa- 

tion  costs   to  a   reasonable  level   and   below  those  of  some 

alternative  choices. 

March   30,   19H1 
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Figure   1:     Grid   of  points   {ZA,z^)   at  which   the 

bivariate   function   is  evaluated   for   the 
2-1   point   quadrature. 
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'iqure 4:  Powers of 10   for the values of q(u,v,c) at which 
the function is evaluated for inteqration 
(r=y(l); s=y(n)-y(1)).  (Note values of -37 and -38i 

these are 10   times the next larqest value). 
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Figure   5:      Powers  of   10        for   the  values  of  g(u,v,c)/J(u,y) 
at   which   the   function   is  evaluated   for   inteqr?tion 
(r=midpivot;   s=pivotspread). 
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Figure   6:      Powers  of   lo"     for   the  values  of  g(u,v,c) 
at  which   the   function   is  evaluated   for 
integration   (r=midpivot;   s=pivotspread). 
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Figure   7:      Powers  of   10        for   the   values  of   the   product 
g(u,v,£)*(quadrature   coefficient)   at  which 
the   function   is  evaluated   for   integration 
(r=midpivot;   s=pivotspread). 
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Figure  8:     Powers  of   10   '    for   the  values  of  g(u,v,c_)   at 
which  the   function   is  evaluated   for   integration 
(r*   and   s*   relocated). 
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£ •** fl 

c 
c 

ess 

23 

40' 

C 

r'l'I.rpI,""f('    CTrupTQTpijri     /CTT^n    PS PC § T S V )     J,CmT,"'("T 

ETPEGV*   PPTCES      Mir   FVCEFS   V P'^FCEP    (FEE   TCCEY   3P°2.f( 
Ff'P   Iß'*   S^'PLE0,   E*CP   OF   CM"5*7!*"   *nr   EL.*StT    (r""pf r   CTÜE 
T'-'PLICIT   PE^L*0'*-"   0*2) 
ET'ENSICT   a (2) ,F(2) ,V(2) 
t.VT»   EP?,ITt/l.C-?,-Sl<V 
re   6*"   K«l,2 

F*r = ". rr 

pvc- = ''.F* 
PVE = 3.r" 
EC   ?"•*!   ' = 1 ,1?'"" 

PE*EP,il)  rc,Fü!,T,F,Ei:2 
Fcr:*T(///,E] = ."',?2y/ri'

:."',//Ei5 
FVG  = PVG  x rr-*EHi 

+ t-7S*s::2 

TT 

>$yr    pTmV7>V   liipTjnfr? 

,??v,rif.7) 

PV~ = pvs 
V.l   = ri + 
v2  =* r- + 
CC!"TT!,1UF 
PVC (PV7) 12 TFf 
GAU?SX£!T (St*<"E) . 
TF(K . E^ . I)   GCTC 6 2" 
FVG = {PVGAri + FG)/2.r'1 

PVS = (PVS/f-2 + P^J/^.E" 
cere !"5,? 
PG = pvc/rl 
PS * PVS/K2 
CCPTIPCE 
rriTE(r,2?) 
PCP»'^T{4Ü1? 
FCE"*T(lf,X, 'THE 
FEn::r 7 
xn » r 
Ml)    •   ".7 
E(l)    »   P.3 
CCK?irtE 
PCt'IMP  7 
p.E'"i"r P 

CBfcCCt*TES  OPTIK?! 

EICHTE^   PV5PPGE   CF   p*mi-*"   V?r!s!'Cr,:   FEE 

pv: 
7) 

, PVS 

VPPIP.F'CEP   ?EEi EIS.-') 

7  »VC  REWT7VE  FyCEc,! 

E   E) . 
EE?C(7,:)   X5,Xl^,''G,EC,Er,VT,SF,Tr 
FO*!*v?(flX,ri$.?,//15Xf£?6 ."> ,/Vl5.~, 2ETS, 
xi « (xi6 - x«)*(xi* - jr?) 
trci * sG/pvc 
WH2  -  SS/PVS 
T • TG*All)*VG*V!M + TS*P(1)*T

,
?*V:"7 

T • T/(WC*M1)*VH]  * v?*P(] )*v-w?) 
*"?C  «   (TG-T)*(TG-T)*r?f]/Xl 
i!*?1   •    (1":-m) * ("'S—T)    *   VP7/X1 

trrirr. r ,2)  T,v:G,*f"=G,rs, W!S3 

V* P T ^ FT ES   p^p   cprfptrp 

f/«l^.'»r2T,l*.,J 

•1^ 
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IC 

20 n 

22" 

25^ 
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C 
C 

3f 

5ftP 

CONTINUE 
REl.'IND   8 
TC   25?   K»l,2 
VC   *  ß. 
VS   «   ß. 
VV.l   »f. 
KH2   •   ". 
C'LCUL'TF0   VET'""rr 

pFA.r(?,2) 

'VEFACF   CF   PFL? 7TVT.   FVCF?C   V?.PT?*JCFF   FCP   T 

TV:C,AM?C,rF, »*SS 

+  VC 
+ r? 

VC   *   VG   + 
VS   » V<*  + 
'."21    -   '"-1 
UI-2   *   VV2 
CCTGIKUE 
IF('rC   . F^.   1)   GOTP   22" 
VC   =    (VG/VF1   +VVC)/?. 
V?   *   (V?/rtT2   +   WE)/2. 
CGTC   2?n 

VVG   •   VG /'"*• 1 
W?   =  V?A"P2 
C^GT^UE 
KH   =   Kua-1 
V(l)   • VS   -  VG 
VEITEN, 5)   VC,VC 

FCFÜAG (1CX , ' T!;F   EXCEF?   V'PTRMCE~   Arü:    ,r2rl<?.'J 
IGEF^TES,   C^NCTf'C   SK.'CC'"   P°ICEC   lT"GTL    (VC-V?) < .P"' 

IF(C.F.-(VG-VF)    .IE.   EPS      .GP.      K!T   .CF.    !GL)   Cr~C   5' 
IF(KH   .EQ.   1)   GCTC   3^ 
»H   *   Ml)   -   V(!)*|M!)-M?»)/(V(1)-VP)) 
IF(»K   .CF.   1.)   .»?•   1. 
P (2)   =   MD 
E(2)   -   EH) 
A(l)   =   »o 

PF F(l) -   1.   - 
=  V(l) 

A (2) 
F(2) 
V(2) 
IF(VG 
Mil 
IF(VF 
F(l) 
GCmO   A(*n 

CCHGINUE 
f'PTTE(6,?)   Ml) ,F(1) 
FCP'!AT(lßX,'THE   «^FC" 
rFITE{6,4) VC,VF 
FCFV'*T(1"X   'EyCFcF   V" 
ET 

MD 
E(l) 
Vfl) 
F:. Bfi?xi(vc,vr)) 
l - cm 
EC   E'\*Xl (VG,V*?) ) 
1-M1) 

E(l) 

MD 

PPTCFC 

?FF:   CH
,C

F 

s  Ve/VG*F C ^ 

= VC/V«*» C ) 

a PF:    'r2t11.4) 

PU <?T ».»»1«.*1 
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All 
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LISTING e 

Sl'EFCUTTNE c "'FTP (V , t?) 
T''PtTCTT PF*I*9 (.*"-HfO-Z) 
FC.'L*? V(N) 

^******************************* ******* 

C SHEIT SOFT MCCF TTH"' CaCM JULY 19^* 
C*** ************************ *********** 

i — . 

1 I=I+T 
IF (I .IE. V.)   GC ^Z   1 

2 "=•• /? 

IF(V . E". &) ^FTT0*1'' 
K=•-:-*' 

CC 4 Ja1,K 
L=7 

5    IF(L .17. 1) GG TC i 
IF(V(I>M) .CE. V(L)) GC TO 4 
y=V(I+r) 
V(L+f')*V(L) 
V(L)=X 
L=L-" 
G?   TC 5 

<    CCK7IHCE 
CG TC 2 
Err 

— —-•—  »•••-•-- — • 
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LISTING   5 

SUBROUTINE  AINT24(FCT,Y) 
DCUEIE PPFCISTOV Y,»,C,PCT 
r»TP A/P.5D9/ 

C=.4975 
y*.6i7p 
C=.4873 
Y=Y+.14 
C=.46?l 
Y=Y+.22 
C=.4432 
Y=Y+.2? 
C*.41?n 

Y=Y+.36 
C».37011 
Y=Y+.4 3 
O.3240 
Y=Y+.4P 
C-.2727 
Y-Y+.53 
C».21fP 
Y=Y+.57 
C*.1575 
Y=Y+.6f' 
C=.9555 
Y=Y+.':2 
C.32P2 
Y=Y+.f> 
PETDfBN 
ENC 

935',99 
614?Q9 
R42779 
265694 
3727ff 
138719 
^77635 
6492c2 
p TQ920 

67324C 
6 20957 

468259 
0^932^ 
137356 
722135 
96753« 
"'52P',^< 
21339? 
P35236 
9<s,373 
918728 
94464? 
969e«)7 

9PC1 
op 3 s 

856 5 
3144 
?136 
4PP7 
£22* 
-1577 
ccoc 

RQ27 
7^50 
CP49 

",c 2C 
oaai 
"5~o 
1?"2 
"260 

4639 

1734 
1 3 "2 
€733 

f> topf 

99^r-2* 
475D^ 
f*932P- 
*38DP 

?52ü9 

1 4 «r" 

45153t- 

7CC7Pp_ 
770rc 

Q77r« 

°2°17D- 
257rf 
*28?lt- 
169C 

up.] 

14]apr- 
813D-1 
7*!,78r- 

(FCT(A 

1*(FCT 

1MFCT 

1*(FCT 

1*(FCT 

1 *(FCT 

I *(FCT 

1 * (FC"" 

1*(FCT 

1*(FCT 

1 *(FCT 

1 *(FCT 

+C)+FCT(A-C)) 

(A+C)+FCT(A-C)) 

(B+C)+FCT(*-C)) 

(A+C)+FCT(?-C)) 

f»*C)+FCT(P-C)) 

(.Ä-LC)+F'"T'fB-C) ) 

(a+CI+FC^fA-C)) 

(a+C)+FCT(»-C)) 

(B4-C) +FCT(a-C) ) 

M + C)+FCT(A-C) ) 

(P+C)+FCT(A-C)) 

(£+C)+FCT(&-C)) 
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Firjure   8:      Powers  of   in   "   tor   the   values  or   5IU,V,L,   <-. >. 
which   the   function   is  evaluated   for   integration 

(r*   and   s*   relocated). 
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Cntt   rTVT2" (FTvTr!,F?") 
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r r-r ij --•   tu'J '; 

COWOH  /A.PEM/C,NY?rF*«/CO'T,RrT 
DATA   PI/3.141?r-2^??"»«?c/ 
GC  TO   (l",20,3-,

/4",5^) ,T.I 
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